This observation about the associated real valued function F lets us prove the following important result. 
We note that r 0 can be chosen near enough to 1 so that n v ^ p , and we assume henceforth that r 0 is so chosen. Now set s = s o r o where
Using (1) and (2) we obtain
Thus from (3) and (4) we find And therefore which concludes the proof of Theorem 2.
Proof of Theorem I. Pommerenke [8] proved lim sup \c k \ < oo implies / is Bloch, and it is well known that Bloch functions are normal [9, p. 268] . It therefore suffices to prove that lim sup \c k \ = oo implies / is not normal.
Fix an integer p for which p > p 0 . Lappan [4] proved that if/ is normal, then there is a finite constant K such that K HADAMARD GAP SERIES AND NORMAL FUNCTIONS 1 1 7 for all z in the unit disc. According to Theorem 2 there is a sequence of radii s n such that for \z\ = s n If min |/(z)| on \z\ = s n tends to oo, then / has Koebe arcs and is therefore non-normal [9, p. 267] . If min |/(z)| on \z\ = s n does not tend to oo, then by passing to a subsequence we can find an integer M and a sequence of points z n , \z n \ = s n , such that | / ( z j | < M < oo. For this sequence of points which proves that (6) cannot hold. Therefore / must be non-normal. Remark 2. Piranian [7] asked whether a bounded function of finite area must have a normal derivative. Theorem 1 lets us answer this in the negative. Let / be defined by
Then / is bounded by £"2"", and Y,J\ a j\ 2 ^ Z " 2 2~" shows that / has finite area. Theorem 1 guarantees that /'(z) = £ nz 2 " defines a non-normal function in the unit disc.
We close with two open questions. 
Question 2.
What is the best value for p 0 for which Theorem 2 is true?
